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0. Introduction
Let Ω ⊂ Rn be an open set. For n > 1 and m 1 the Sobolev space W 1,nloc (Ω,Rm) contains elements with no continuous
representative (see [17]). The problem of ﬁnding subspaces H of W 1,nloc (Ω,R
m) such that each element of H admits a regular
representative is an old standing problem. Classical contributions to this problem are due to L. Cesari [3], A.P. Calderón [2],
T. Rado and P.V. Reichelderfer [13], E. Stein [14].
New interest towards the problem of regularity in W 1,nloc (Ω,R
m) was restored by J. Malý [12] within the following
extension to n variables of the notion of absolute continuity.
Deﬁnition 1. A mapping f from an open subset Ω of Rn to Rm is said to be Malý’s absolutely continuous (brieﬂy f ∈
ACnM(Ω,R
m)) if for each ε > 0 there exists δ > 0 such that∑
i
oscn
(
f , B(xi, ri)
)
< ε, (1)
for each nonoverlapping ﬁnite family {B(xi, ri)} of closed balls in Ω with∑
i
Ln(B(xi, ri))< δ.
The family ACnM(Ω,R
m) is a regular subclass of W 1,nloc (Ω,R
m) [12, Theorems 3.2–3.5] containing properly the class of all
mappings f with distributional gradient ∇ f in the Lorentz space Ln,1(Ω,Rm) [11,9].
The variant of the above deﬁnition in which balls are replaced by cubes produces a new class of mappings, denoted
by Q-ACnM(Ω,Rm). The fact that Q-ACnM(Ω,Rm) = ACnM(Ω,Rm) is proved in [4,10,1].
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i
oscn
(
f , B(xi, λri)
)
< ε, (2)
is due to S. Hencl [7]. The resulting class is denoted by ACnλ(Ω,R
m), and it doesn’t depend on λ.
ACnλ(Ω,R
m) contains properly the classes ACnM(Ω,R
m) and Q-ACnM(Ω,Rm), it is a regular subclass of W 1,nloc (Ω,Rm) and
it is stable under quasiconformal mappings (see [10] and [8]).
In this paper we study a variant of the Hencl’s class ACnλ(Ω,R
m), in which λ is not necessarily a constant.
Denote by Λ the family of all functions λ :Ω →]0,1].
Deﬁnition 2. We say that a mapping f :Ω → Rm is n,Λ-absolutely continuous if there exists λ ∈ Λ satisfying the following
condition: for each ε > 0 there is δ > 0 such that∑
i
oscn
(
f , B
(
xi, λ(xi)ri
))
< ε,
for each nonoverlapping ﬁnite family {B(xi, ri)}i of closed balls in Ω with∑
i
Ln(B(xi, ri))< δ.
The class of all n,Λ-absolutely continuous mappings f :Ω → Rm is denoted by ACnΛ(Ω,Rm).
Whenever in Deﬁnition 2 λ = 1 then f ∈ ACnM(Ω,Rm), and whenever λ is a constant belonging to the interval (0,1)
then f ∈ ACnλ(Ω,Rm).
By an easy adaptation of [7, Theorem 4.1] it follows that Deﬁnition 2 is shape-free.
In this paper we prove that each element of ACnΛ(Ω,R
m) is continuous and differentiable almost everywhere (Theo-
rems 4 and 5).
Moreover, we prove that each element of ACnΛ(Ω,R
m) satisﬁes Lusin’s condition (N) (Theorem 6), and the usual change
of variables formulas (Theorem 7).
We also prove that the class ACnΛ(Ω,R
m) is stable under a large class of homeomorphisms, including the quasiconformal
mappings (Theorem 9), that the Hencl’s class ACnλ(Ω,R
m) is a proper subclass of ACnΛ(Ω,R
m)∩W 1,nloc (Ω,Rm) (Theorem 11),
and that ACnΛ(Ω,R
m) \ W 1,nloc (Ω,Rm) = ∅ (Theorem 12).
1. Preliminaries
Throughout this paper we denote by Ω a ﬁxed open subset of Rn , by Ln (resp. Lne ) the Lebesgue measure (resp.
outer Lebesgue measure), and by Hs (resp. Hsε) the s-dimensional Hausdorff measure (resp. the s-dimensional Hausdorff
ε-content). As usual a.e. means almost everywhere.
The elements of Rn are denoted by bold face lower case letters, the euclidean norm of x ∈ Rn is denoted by |x|, the
euclidean norm of f (x) ∈ Rm is denoted by | f (x)|, the closed ball with center x and radius ρ is denoted by B(x,ρ). The
interior (resp. the boundary) of a set E ⊂ Rn is denoted by Eo (resp. ∂E).
The Λ-variation of a mapping f from Ω into Rm is deﬁned by
VΛ( f ,Ω) = inf
λ∈Λ sup
{∑
i
oscn
(
f , B
(
xi, λ(xi)ri
))}
,
where the “sup” is taken over all nonoverlapping systems {B(xi, ri)}i of balls in Ω , and where osc( f , E) denotes the oscil-
lation of f on the set E; i.e. osc( f , E) = supx,y∈E | f (x) − f (y)|.
It is easy to check that if Ω is bounded and f ∈ ACnΛ(Ω,Rn) then VΛ( f ,Ω) < +∞.
For each k ∈ N we set
Ωk =
{
x ∈ Ω: ∣∣ f (y) − f (x)∣∣ k|y− x| for each y ∈ B(x,1/k)}.
Lemma 3. If VΛ( f ,Ω) < +∞, then
Ln
(
Ω
∖ ∞⋃
k=1
Ωk
)
= 0.
Proof. For each q ∈ N we set Ω1/q = {x ∈ Ω: λ(x) > 1/q} and Ω˜1/q = Ω1/q \⋃∞k=1 Ωk . It is clear that Ω =⋃q Ω1/q . Then
Lne
(
Ω
∖ ∞⋃
Ωk
)

∞∑
Lne (Ω˜1/q). (3)k=1 q=1
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Given ε > 0, let λ ∈ Λ be such that∑
i
oscn
(
f , B
(
xi, λ(xi)ri
))
< VΛ( f ,Ω) + 1.
We denote by Fε the family of all balls B(x, |y− x|/λ(x)) such that x ∈ Ω˜1/q , y ∈ B(x,1/k), and
∣∣ f (y) − f (x)∣∣> k|y− x|, for some k > 2q n
√
VΛ( f ,Ω) + 1
ε
. (4)
Therefore, by Vitali’s covering theorem (see [5, §1.5, Corollary 1]), we can ﬁnd a sequence of nonoverlapping balls {B(xi, |yi −
xi |/λ(xi))}i ⊂ Fε such that
Ln
(
Ω˜1/q
∖⋃
i∈N
B
(
xi,
|yi − xi|
λ(xi)
))
= 0.
Now, since λ(xi) > 1/q and yi ∈ B(xi, λ(xi) |yi−xi |λ(xi) ), by (4) we infer
Ln
(⋃
i∈N
B
(
xi,
|yi − xi|
λ(xi)
))
=
∑
i∈N
Ln
(
B
(
xi,
|yi − xi|
λ(xi)
))
< (2q)n
∑
i∈N
|xi − yi|n
<
ε
Vλ( f ,Ω) + 1
∑
i∈N
∣∣ f (xi) − f (yi)∣∣n
 ε
Vλ( f ,Ω) + 1
∑
i∈N
oscn
(
f , B
(
xi,
|yi − xi|
λ(xi)
))
 ε.
Thus
Lne (Ω˜1/q) Ln
(
Ω˜1/q
∖⋃
i∈N
B
(
xi,
|yi − xi|
λ(xi)
))
+ Ln
(⋃
i∈N
B
(
xi,
|yi − xi|
λ(xi)
))
 ε.
Consequently Ln(Ω˜1/q) = 0, and by (3),
Lne
(
Ω
∖ ∞⋃
k=1
Ωk
)

∞∑
q=1
Ln(Ω˜1/q) = 0. 
2. Regularity
Theorem 4. If f ∈ ACnΛ(Ω,Rm), then f is continuous in Ω .
Proof. Given ε > 0, take λ :Ω →]0,1] and δ > 0 according to Deﬁnition 2. Then for each x ∈ Ω we have | f (x) − f (y)| < ε
whenever |x− y| < λ(x)√δ/2n . 
Theorem 5. If f ∈ ACnΛ(Ω,Rm), then f is differentiable a.e. in Ω .
Proof. We can assume Ω bounded. Therefore there exists λ :Ω → ]0,1] such that VΛ( f ,Ω) < +∞. So by Lemma 3, we
have
Ln
(
Ω
∖ ∞⋃
k=1
Ωk
)
= 0. (5)
This implies that f is Lipschitz at almost each point of Ω . Therefore the claim follows by Stepanov’s Theorem [6, p. 218]. 
Theorem 6. Let f ∈ ACn (Ω,Rm) and let E ⊂ Ω with Ln(E) = 0. ThenΛ
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(b)
∫
Rm
Hn−m(E ∩ f −1{y})dy= 0, if m < n.
Proof. Condition (a) is trivial if m < n. Then we can assume m n. We follow ideas from [7, Theorem 3.4]. Given ε > 0, let
λ :Ω → ]0,1] and δ > 0 according to Deﬁnition 2, and let E ⊂ Ω be such that Ln(E) = 0. We can assume δ < ε. For k ∈ N
we set
Ek =
{
x ∈ E: λ(x) > 1/k}.
Moreover we set
Ek1 =
{
x ∈ Ek: lim inf
r→0
osc( f , B(x, r))
osc( f , B(x, λ(x)r))
 2
λ(x)
}
,
Ek2 =
{
x ∈ Ek: lim inf
r→0
osc( f , B(x, r))
osc( f , B(x, λ(x)r))
>
2
λ(x)
}
.
Let Gk ⊂ Ω be an open set containing Ek such that Ln(Gk) < δ.
By deﬁnition, for each x ∈ Ek1 there exists r(x) > 0 such that
B
(
x, r(x)
)⊂ Gk, r(x) < ε10 , (6)
and
osc
(
f , B
(
x, r(x)
))
<
3
λ(x)
osc
(
f , B
(
x, λ(x)r(x)
))
<
ε
10
. (7)
We set
ρ(x) = 3
λ(x)
osc
(
f , B
(
x, λ(x)r(x)
))+ r(x).
We can assume that r(x) is small enough such that
osc
(
f , B
(
x,ρ(x)
))
< 1. (8)
Now, for each x ∈ Ek2 there exists s(x) > 0 with
osc( f , B(x, r))
r
> 2
osc( f , B(x, λ(x)r))
λ(x)r
,
for all r ∈ (0, s(x)).
This implies
lim
r→0
osc( f , B(x, r))
r
= 0.
Hence, for each x ∈ Ek2 there exists r(x) > 0 satisfying condition (6), and such that
osc
(
f , B
(
x, r(x)
))
< r(x), osc
(
f , B
(
x, λ(x)r(x)
))
<
λ(x)ε
30
. (9)
Even in this case we can assume that r(x) is small enough such that (8) holds.
By Vitali’s 5r-covering theorem (see [5, §1.5, Theorem 1]), applied to the family of balls {B( f (x),ρ(x)): x ∈ Ek}, we can
ﬁnd a countable subfamily {B( f (xi),ρ(xi)): xi ∈ Ek} of nonoverlapping balls such that
f (Ek) ⊂
⋃
i
B
(
f (xi),5ρ(xi)
)
. (10)
Since, by (7) and (9) we have
f
(
B
(
xi, r(xi)
))⊂ B( f (xi),ρ(xi)),
then the balls {B(xi, r(xi)): xi ∈ Ek} are nonoverlapping and∑
i
Ln(B(xi, r(xi))) Ln(Gk) < δ. (11)
Consequently,∑
oscn
(
f , B
(
xi, λ(xi)r(xi)
))
 ε. (12)i
2990 D. Bongiorno / Topology and its Applications 156 (2009) 2986–2995So, since 1/λ(xi) < k and 10ρ(xi) < ε, by (7), (9), (10), (11) and (12), we infer
Hnε
(
f (Ek)
)
< αn
∑
i
(
5ρ(xi)
)n
 αn10n
∑
i
((
3
λ(xi)
osc
(
f , B
(
xi, λ(xi)r(xi)
)))n + (r(xi))n
)
 αn10n
(
(3k)n
∑
i
oscn
(
f , B
(
xi, λ(xi)r(xi)
))+∑
i
(
r(xi)
)n)
< αn10
n((3k)nε + 2nLn(Gk))
 αn10n
(
(3k)n + 2n)ε,
where αn is the Hausdorff normalizing constant.
Hence Hn( f (Ek)) = 0. So Hn( f (E))∑k Hn( f (Ek)) = 0, and the proof of (a) is complete.
Now we prove (b). We follow ideas from [12, Theorem 3.6]. Let Ek and Gk ⊃ Ek , for k ∈ N, let r(x) and ρ(x), for
x ∈ Ek , and let ε and δ, be deﬁned as above. By Besicovitch covering theorem (see [5, §1.5, Theorem 2]), there exist N sets
A1, . . . , AN ⊂ Ek such that the balls{
B
(
x,ρ(x)
)
: x ∈ Ai
}
are nonoverlapping,
for i = 1, . . . ,N , and
Ek ⊂
N⋃
i=1
⋃
x∈Ai
B
(
x,ρ(x)
)
.
We remind that the number N depends only on n. Since, for each y ∈ Rm we have
Ek ∩ f −1
({y})⊂ N⋃
i=1
⋃
x∈A′i
B
(
x,ρ(x)
)
,
where A′i = {x ∈ Ai: B(x,ρ(x)) ∩ f −1({y}) = ∅}, and since by (6) we have 2ρ(x) < ε, then
Hn−mε
(
Ek ∩ f −1
({y}))< αn−m N∑
i=1
∑
x∈A′i
(
ρ(x)
)n−m
. (13)
Since r(x) ρ(x), for each x ∈ Ek , then the balls {B(x, r(x)): x ∈ Ai} are nonoverlapping. Moreover, by (6) we have∑
x∈Ai
Ln(B(x, r(x))) Ln(Gk) < δ. (14)
So ∑
x∈Ai
oscn
(
f , B
(
x, λ(x)ρ(x)
))
 ε. (15)
Hence, since 1/λ(x) < k for x ∈ Ek , by (13), (15) and (8) we have∫
Rm
Hn−mε
(
Ek ∩ f −1
({y}))dy
 αn−m
N∑
i=1
∑
x∈Ai
(
ρ(x)
)n−mLm( f (B(x,ρ(x))))
 αn−m
N∑
i=1
∑
x∈Ai
(
ρ(x)
)n−m(
osc
(
f , B
(
x,ρ(x)
)))m
 αn−m2n−m
N∑∑(( 3
λ(x)
osc
(
f , B
(
x, λ(x)r(x)
)))n−m + (r(x))n−m)
i=1 x∈Ai
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N∑
i=1
(
(3k)n−m
(∑
x∈Ai
oscn
(
f , B
(
x, λ(x)r(x)
)))(n−m)/n +(∑
x∈Ai
(
r(x)
)n)(n−m)/n)
 Nαn−m
(
(6k)n−mε(n−m)/n + 2n−mδ(n−m)/n).
Letting ε → 0 we obtain ∫
Rm
Hn−m(Ek ∩ f −1({y}))dy= 0. So∫
Rm
Hn−m(E ∩ f −1({y}))dy= lim
k→∞
∫
Rm
Hn−m(Ek ∩ f −1({y}))dy= 0,
which concludes the proof. 
Theorem 7 (Change of variables). Let f ∈ ACnΛ(Ω,Rm), let E be a measurable subset of Ω , and let u be a measurable function on E
such that u| J f | ∈ L1(E), where | J f | denotes the Jacobian of f .
(a′) If m n, then∫
E
u(x)
∣∣ J f (x)∣∣dx=
∫
f (E)
∑
{ f=y}
u(x)dHn(y);
(b′) If m < n, then∫
E
u(x)
∣∣ J f (x)∣∣dx=
∫
Rm
( ∫
E∩ f −1{y}
u(x)dHn−m(x)
)
dy.
Proof. By Theorem 5, f is a.e. differentiable. Then by [6, Theorem 3.1.8] there exists a sequence { fk} of Lipschitz mappings
from Rn to Rm such that
Ln
(
Ω
∖⋃
k
{
x ∈ Ω: fk(x) = f (x), ∂
∂xi
fk(x) = ∂
∂xi
f (x), i = 1, . . . ,n
})
= 0.
Now (a′) and (b′) hold for Lipschitz mappings (see [5, §3.3, Theorem 2] and [5, §3.4, Theorem 2] or [6, Theorem 3.2.3] and
[6, Theorem 3.2.12]).
Then the claim follows by Theorem 6. 
3. Stability under ACnΛ-homeomorphisms
In this section we prove that the class ACnΛ(Ω,R
m) is stable under a large class of homeomorphisms.
Deﬁnition 8. A mapping F :Ω → Rn is said to be an ACnΛ-homeomorphism whenever
(h1) F is an homeomorphism;
(h2) F ∈ ACnΛ(Ω, F (Ω));
(h3) F−1 ∈ ACnΛ(F (Ω),Ω).
It is trivial to check that each bilipschitz mapping is an ACnΛ-homeomorphism.
Now let F :Ω → Rn be a quasiconformal mapping (see [16]). By [15, Theorem 2.4] and [12, Theorem 4.3] it follows
that quasiconformal mappings are locally absolutely continuous in the Malý’s sense and therefore F belongs to the class
ACnΛ(Ω,R
m). Moreover, since the inverse mapping of a quasiconformal mapping is also quasiconformal [8, Corollary 3.7],
then quasiconformal mappings are ACnΛ-homeomorphisms.
Theorem 9. Let F :Ω → Rn be an ACnΛ-homeomorphism. Then a mapping f :Ω → Rm belongs to ACnΛ(Ω,Rm) if and only if
f ◦ F−1 ∈ ACnΛ(F (Ω),Rm).
Proof. It is enough to prove that if F and f are such that F ∈ ACnΛ(Ω,Rm) and f ◦ F−1 ∈ ACnΛ(F (Ω),Rm), then f ∈
ACnΛ(Ω,R
m) (the “only if” part).
In fact, since F is an ACnΛ-homeomorphism, it holds F
−1 ∈ ACnΛ(F (Ω),Rm). Moreover, since f = ( f ◦ F−1) ◦ F = ( f ◦
F−1) ◦ (F−1)−1, applying the “only if” part to F−1 and f ◦ F−1, it follows that the condition f ∈ ACnΛ(Ω,Rm) implies
f ◦ F−1 ∈ ACn (F (Ω),Rm).Λ
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exist λ1 : F (Ω) → ]0,1] and λ2 :Ω → ]0,1] satisfying the following condition: for each ε > 0 there is δ > 0 such that∑
i
oscn
(
f ◦ F−1, B(F (yi), λ1(F (yi))si)) ε, (16)
for each nonoverlapping ﬁnite family {B(F (yi), si)}i of closed balls in F (Ω) with ∑i Ln(B(F (yi), si)) < δ, and∑
i
oscn
(
F , B
(
xi, λ2(xi)ri
))
<
ε
2n
, (17)
for each pairwise disjoint family {B(xi, ri)}i of closed balls in Ω with∑
i
Ln(B(xi, ri))< δ. (18)
Fix an arbitrary pairwise disjoint family {B(xi, ri)}i of balls in Ω satisfying condition (18). For each i deﬁne 0 si  ri such
that the balls {B(F (xi), si)}i are contained in F (Ω), are nonoverlapping, and ∑i Ln(B(F (xi, si))) < δ. Therefore, by (16) we
have ∑
i
oscn
(
f ◦ F−1, B(F (xi), λ1(F (xi))si)) ε. (19)
By the continuity of F , for each i there exists
0< ρ(xi) < inf
{
λ1
(
F (xi)
)
, λ2(xi)
}
(20)
such that
osc
(
F , B
(
xi,ρ(xi)ri
))
< λ1
(
F (xi)
)
si, (21)
and the balls {B(F (xi),osc(F , B(xi,ρ(xi)ri)))}i are nonoverlapping in F (Ω). So, by (20) and (17) we have∑
i
Ln(B(F (xi),osc(F , B(xi,ρ(xi)ri))))< 2n∑
i
oscn
(
F , B
(
xi, λ2(xi)ri
))
< ε.
Then, since
F
(
B
(
xi,ρ(xi)ri
))⊂ B(F (xi),osc(F , B(xi,ρ(xi)r(xi)))),
by (21) and (19) we infer∑
i
oscn
(
f , B
(
xi,ρ(xi)ri
))=∑
i
oscn
(
f ◦ F−1, F (B(xi,ρ(xi)ri)))

∑
i
oscn
(
f ◦ F−1, B(F (xi),osc(F , B(xi,ρ(xi)ri))))

∑
i
oscn
(
f ◦ F−1, B(F (xi), λ1(F (xi))si))
 ε.
Consequently f ∈ ACnΛ(Ω,Rm). 
4. Embeddings
Theorem 10. ACnλ(Ω,R
m)  ACnΛ(Ω,R
m), for each 0< λ < 1.
Proof. It is clear that ACnλ(Ω,R
m) ⊂ ACnΛ(Ω,Rm). Now we prove that the inclusion is proper. For simplicity, we assume
n = 2, m = 1 and Ω = Bo(0,1).
We ﬁx a sequence {B(zk, Rk)}∞k=1 of nonoverlapping closed balls in Ω , and three sequences {ck}∞k=1, {rk}∞k=1 and {ρk}∞k=1
of positive numbers such that:
(i1) limk→∞ zk = 0;
(i2) Rk = krk , and ρk < rk , for k = 1,2, . . . ;
(i3) limk ck log(rk/ρk) = 0;
(i4)
∑
k c
2
k log
2(rk/ρk) = +∞.
Possible choices for ck and ρk are ck = 1/
√
k and ρk = rk/2.
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f (x) =
{
ck log(rk/|x− zk|), if x ∈ B(zk, rk) \ B(zk,ρk),
ck log(rk/ρk), if x ∈ B(zk,ρk),
0, elsewhere.
(22)
We prove that f ∈ AC2Λ(Ω,R) \ AC2λ(Ω,R), for each 0< λ < 1.
For a ﬁxed 0 < λ < 1, let ε and δ be two arbitrary positive numbers. By (i2) and by
∑
k L2(B(zk, Rk))  L2(B(0,1)),
there exists N > 0 such that
∑
kN L2(B(zk, Rk)) < δ, and λRk > rk for k N .
Then, for k N we have osc( f , B(zk, λRk)) = osc( f , B(zk, rk)). So∑
kN
osc2
(
f , B(zk, λRk)
)= ∑
kN
c2k log
2(rk/ρk) = +∞.
This implies f /∈ AC2λ(Ω,R).
To prove that f ∈ ACΛ(Ω,R), let us deﬁne λ :Ω → ]0,1] such that
( j1) λ(x)
√
πρk/(2k ck), if x ∈ B(zk, Rk), k = 1,2, . . . ;
( j2) B(x, λ(x)) ⊂ B(zk, Rk), if x ∈ Bo(zk, Rk), k = 1,2, . . . ;
( j3) B(x, λ(x)) ∩⋃h =k B(zh, Rh) = ∅, if x ∈ ∂B(zk, Rk), k = 1,2, . . . ;
( j4) B(x, λ(x)) ∩⋃k B(zk, Rk) = ∅, if x = 0 and if x /∈⋃k B(zk, Rk);
( j5) λ(0) = 1.
Remark that, if B(x, r) ⊂ Ω then r < 1. So, if x = 0 and if x /∈ ⋃k B(zk, rk), we have B(x, λ(x)r) ∩ ⋃k B(zk, rk) = ∅.
Consequently f (t) = 0, for each t ∈ B(x, λ(x)r). Hence
osc
(
f , B
(
x, λ(x)r
))= 0, if x = 0 and if x /∈⋃
k
B(zk, rk). (23)
If x= 0 we have
osc
(
f , B
(
0, λ(0)r
))= osc( f , B(0, r)) cK log(rK /ρK ), (24)
where K is the ﬁrst natural number such that B(zK , RK ) ⊂ B(0, r).
Now assume that x ∈ B(zk, rk), for some k ∈ N. By (22), if s, t ∈ B(zk,ρk), and if s, t ∈ B(zk, Rk) \ B(zk, rk), we have
f (t) − f (s) = 0.
Moreover, if s, t ∈ B(zk, rk) \ B(zk,ρk), we have
∣∣ f (t) − f (s)∣∣= ck
∣∣∣∣log rk|t− zk| − log
rk
|s− zk|
∣∣∣∣= ck
∣∣∣∣log |s− zk||t− zk|
∣∣∣∣
= ck
∣∣∣∣log
(
1+ |s− zk| − |t− zk||t− zk|
)∣∣∣∣
 ck
|t− s|
|t− zk| <
ck
ρk
|t− s|, (25)
and ∣∣ f (t) − f (s)∣∣ ck
ρk
(|t− zk| − ρk), if t ∈ B(zk, rk) and s ∈ B(zk,ρk),
 ck
ρk
(
rk − |t− zk|
)
, if t ∈ B(zk, rk) and s ∈ B(zk, Rk). (26)
Therefore, if x ∈ B(zk, Rk), by j1, j2, j3 and by (25) and (26) we have:
osc
(
f , B
(
x, λ(x)r
))
 ck
ρk
2λ(x)r = r
√
π
k
=
√
L2(B(x, r))
k
. (27)
Now, given ε > 0, by (i3) there is k¯ ∈ N such that c2k log2(rk/ρk)  ε/2 for each k > k¯. Deﬁne δ > 0 such that B(zk¯, Rk¯) ⊂
B(0,
√
δ/π ) and δ
∑
k 1/k
2 < ε/2.
Let {B(xi, ri)}i be a nonoverlapping ﬁnite family of closed balls in Ω with ∑i L2(B(xi, ri)) < δ. For more generality we
can assume x1 = 0.
Since L2(B(x1, r1)) < δ then B(x1, r1) ⊂ B(0,√δ/π ); hence by (24) we have osc2( f , B(x1, λ(x1)r1))  ε/2. So, by (23)
and (27) we have
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osc2
(
f , B
(
xi, λ(xi)ri
))= ∞∑
k=1
∑
xi∈B(zk,Rk)
osc2
(
f , B
(
xi, λ(xi)ri
))+ osc2( f , B(x1, λ(x1)r1))

∑
i
L2(B(xi, ri)) ∞∑
k=1
1
k2
+ ε/2
 ε. 
Theorem 11. (ACnΛ(Ω,R
m) ∩ W 1,n(Ω,Rm)) \ ACnλ(Ω,Rm) = ∅, for each 0< λ < 1.
Proof. For simplicity, we assume n = 2, m = 1 and Ω = Bo(0,1). Let f :Ω → R be the function deﬁned in (22) with the
sequences {ck}∞k=1, {rk}∞k=1 and {ρk}∞k=1 satisfying conditions (i1)–(i4).
Then f ∈ AC2Λ(Ω,R) \ AC2λ(Ω,R), for each 0< λ < 1.
Now assume that
(i5)
∑
k c
2
k log(rk/ρk) < +∞.
For example, take ck = 1/(
√
kek) and ρk = Rk/(k eek ).
It is easy to check that
∇2 f (x) =
{
c2k
|x−zk |2 , if x ∈ B(zk, rk) \ B(zk,ρk);
0, elsewhere.
Then, passing to polar coordinates we get
∫ ∫
B(zk,Rk)
c2k
|x− zk|2 dx= c
2
k
2π∫
0
rk∫
ρk
s−1 dt ds = 2πc2k log
rk
ρk
.
So,
∫ ∫
Ω
∇2 f = 2π
∞∑
k=1
c2k log
rk
ρk
< ∞.
Therefore f ∈ W 1,2(Ω,R), and the proof is complete. 
Theorem 12. ACnΛ(Ω,R
m) \ W 1,n(Ω,Rm) = ∅.
Proof. Like in the proofs of Theorems 10 and 11, for simplicity we assume n = 2, m = 1, Ω = Bo(0,1), and we take
f :Ω → R, deﬁned by (22), with sequences {ck}∞k=1, {rk}∞k=1 and {ρk}∞k=1 satisfying conditions (i1)–(i4). Then f ∈ AC2Λ(Ω,R).
Now we assume
(i6)
∑
k c
2
k log(rk/ρk) = +∞
instead of (i5). Therefore∫ ∫
Ω
∇2 f = ∞.
This implies f /∈ W 1,2(Ω,R).
Possible choices for ck and ρk are ck = 1/
√
k and ρk = rk/2. 
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